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Abstract
A canonical real line bundle associated to a minimal Lagrangian submanifold in a Kähler–Einstein manifold X
is known to be special Lagrangian when considered as a subset of the canonical line bundle of X with a natural
Calabi–Yau structure. We first verify this result by standard moving frame computation, and obtain a uniform lower
bound for the mass of compact minimal Lagrangian submanifolds in CPn. Similar correspondence is then proved
for integrable G2 and Spin(7) structures on the bundle of anti self dual 2-forms and a Spin bundle respectively of a
self dual Einstein 4-manifold N constructed by Bryant and Salamon. In this case, analogues of tangent and normal
bundles of certain minimal surfaces in N are calibrated, i.e., associative, coassociative, or Cayley.
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Bryant and Salamon constructed metrics with holonomy G2 and Spin(7) on spin bundles of
3-dimensional space forms, and spin bundles and bundles of anti-self-dual 2-forms on self-dual Ein-
stein 4-manifolds [4]. Since the construction of integrable G2 (respectively Spin(7)) structures, apart
from holonomy, amounts to finding differential 3(4)-forms of generic (certain) type on 7(8) manifolds
satisfying appropriate differential equations, the tautological and canonical forms on these bundles serve
as a basis of their construction.
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352 S.H. Wang / Differential Geometry and its Applications 23 (2005) 351–360In this paper, we first verify the well known result that the total space of the canonical line bundle L
of a Kähler–Einstein manifold Xn supports integrable SU(n+ 1) structures, or Calabi–Yau structures, by
moving frame computation. The parallel holomorphic volume form in each case is the exterior derivative
of the canonical (n,0) form on L.
Since each of integrable G2, Spin(7), and SU(n + 1) structures gives rise to a calibration on the
underlying manifold, [7], a question arises as to what the calibrated submanifolds are with regard to these
constructions. We first verify in SU(n+ 1) case that the canonical real line bundle L ⊂ L over a minimal
Lagrangian submanifold M ⊂ X is calibrated, and hence can be considered as a special Lagrangian lift of
M . As a corollary, we find a uniform lower bound for the mass of compact connected minimal Lagrangian
submanifolds in complex projective space with the standard Kähler structure.
In G2, and Spin(7) cases, minimal surfaces in self-dual Einstein 4-manifolds (super minimal surfaces
satisfying a discrete compatibility condition in coassociative case (Section 4 for detail)) admit lifts that
are calibrated, i.e., associative, coassociative or Cayley respectively. The lifts in these cases can be con-
sidered as the tangential lifts or normal lifts of minimal surfaces adapted to the quaternionic bundle
structure. Compact super minimal surfaces are known to exist in abundance in S4 and CP 2 from the
twistor construction of Bryant, and Chern and Wolfson [2,6].
1. Canonical line bundle
Let X be a Kähler manifold of dimension n with metric g0 and Kähler form  such that
g0(x, y) = (x,Jy),
where J is the complex structure on X and x, y ∈ TX. Let π :F → X be the associated U(n) bundle
with tautological forms ηk = ωk + iθk , k = 1, . . . , n, for which
π∗() = ω1 ∧ θ1 + · · · +ωn ∧ θn.
There exists a unique set of connection 1-forms αjk = −αkj , βjk = βkj on F so that the following structure
equations hold [3].
dωj = −
∑
k
α
j
k ∧ωk −
∑
k
β
j
k ∧ θk,
(1)dθj =
∑
k
β
j
k ∧ωk −
∑
k
α
j
k ∧ θk.
We denote
(2)γ = trβ =
∑
k
βkk ,
and note the identity
(3)dγ = π∗(Ric),
where Ric is the (unscaled) Ricci form. X is called Kähler–Einstein if
(4)Ric = c,
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now on.
The canonical line bundle∧n,0
T ∗X = L → X
is the bundle of (n,0) forms on X. Let Υ0 be the tautological (n,0) form on L, and let r :L → [0,∞)
be the norm function r(u) = |u| on L. We denote B = r−1(1) ⊂ L the associated unit circle bundle. By
definition B = F/SU(n), and the tautological (n,0) form Υ0 satisfies the following structure equation
when restricted to B:
π∗B(Υ0|B) =
1
2n/2
η1 ∧ · · · ∧ ηn,
(5)dΥ0 = iγ ∧Υ0,
where πB :F → B .
2. Calabi–Yau structure
Set
(6)Υ = dΥ0.
Then Υ is a closed (n + 1) form on L which is holomorphic with respect to the underlying complex
structure.
A Calabi–Yau structure on a complex manifold is a Kähler structure with a parallel holomorphic
volume form. We wish to show there exist Kähler structures on the total space of the line bundle L → X
under which Υ is a holomorphic volume form of constant length (hence parallel). For simplicity, we
assume n  2. The general idea of construction of Einstein metrics on canonical bundles goes back to
Calabi [1, 15.30].
Consider a parametrization
ϕ :R+ ×B → L,
(7)(r, u) → ru,
and set
(8)η0 = dr − irγ .
Then from (6) and the structure equations (1),
ϕ∗(Υ ) = η0 ∧ Υ0
and {η0, η1, . . . , ηn} is a basis of (1,0) forms on L.
The Kähler metric g on L we are interested in is of the form
g = f −2(r)η0 · η0 + f 2/n(r)(η1 · η1 + · · · + ηn · ηn),
(9)Π = i
2
f −2(r)η0 ∧ η0 + f 2/n(r),
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closed (n + 1,0) form of constant length and hence it will be parallel whenever the Hermitian structure
is Kähler, i.e., Π is closed.
By (8) and (3), dΠ = 0 when
cr + 2
n
f
2
n
+1 ∂f
∂r
= 0.
This is equivalent to
(10)f (r) =
(
−c (n+ 2)
2
r2 + c′
) n
2n+2
,
where c′ is an arbitrary constant.
Theorem 1 [1, 15.30]. Let L → X be the canonical line bundle of a Kähler–Einstein manifold X with
Einstein constant c. Then the metric (9) with f (r) in (10) gives rise to a Calabi–Yau structure on an
open set of L on which f (r) is well defined. If c 0 and c′ > 0, the metric is defined on all of L and it is
complete whenever the original metric on X is complete.
3. Calibrated lifts of minimal Lagrangian submanifolds
Let φ :M → X be a oriented Lagrangian submanifold of a Kähler–Einstein manifold X. Let B ⊂
L → X be the canonical S1 bundle. From (3), the pulled back bundle φ∗(B) → M is flat. In fact, let
{ e1, . . . , en} be an oriented local orthonormal basis of TM and set fk = Jek , and consider for a unit
complex number eiθ
(11)sθ = eiθ 12n/2 (e
∗
1 + if ∗1 )∧ · · · ∧ (e∗n + if ∗n ),
where ∗ denotes the metric dual. Then sθ is a well defined section of φ∗(B). It is well known that sθ is
parallel, or s∗θ (γ ) = 0, if and only if M is minimal [3].
Definition 1. Let φ :M → X be a connected oriented Lagrangian submanifold of a Kähler manifold X.
Let B → X be the canonical S1 bundle. A section s :M → φ∗(B) is called a Legendrian lift of M if
s∗(γ ) = 0, where γ is the connection form of the bundle B → X (2).
The following is an immediate consequence of the arguments above.
Proposition 1. Let φ :M → X be a connected oriented minimal Lagrangian submanifold of a Kähler–
Einstein manifold. Let B → X be the canonical S1 bundle. There exists a S1-family of Legendrian lifts
sθ :M → φ∗(B) defined by (11).
A necessarily oriented Lagrangian submanifold of a Calabi–Yau manifold is special Lagrangian if it
is calibrated by the real part of the (appropriately scaled) holomorphic volume form, i.e., if the real part
of the holomorphic volume form restricts to be the unit volume form of the Lagrangian submanifold.
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fold X. Let L → X be the canonical line bundle with tautological form Υ0 and Calabi–Yau structure (9).
Let φsθ :R×M → L be the smooth real line bundle generated by the Legendrian lift sθ :M → φ∗(B) (11).
Then φsθ :R ×M → L is a special Lagrangian submanifold of L calibrated by 2n/2 Re(e−iθ dΥ0).
Remark. Consider the zero section of the bundle φ∗(Ln+1) → Mn, which is an isotropic submanifold
of L. The theorem above provides an S1 pencil of minimal Lagrangian submanifolds containing the given
isotropic submanifold, as observed by Bryant [3].
Proof of the theorem. We use the notation adopted in Section 2. From the definition of sθ and since Υ0
is a tautological form, φ∗sθ (e
−iθ dΥ0) = dr ∧ e∗1 ∧ e∗2 ∧ · · · ∧ e∗n. 
Consider CPn, which is Kähler–Einstein with c = 2(n+1). Let S2n+1 → CPn be the Hopf map. Then
the associated unit S1 bundle in this case is B = S2n+1/Zn+1 → CPn, where Zn+1 represent the center of
SU(n + 1). Given a connected minimal Lagrangian submanifold M ⊂ CPn, it is well known there is a
maximal connected lift M˜ ⊂ S2n+1, unique up to standard S1 action, that is minimal and Legendrian. In
view of Theorem 2, we have the following corollary.
Corollary 1. Let φ :M → CPn be a connected minimal Lagrangian submanifold, and let
π1(M) → Hol(M,S2n+1) ⊂ O(2)
denote the holonomy of the associated flat S1 bundle φ∗(S2n+1) → M . Then
Hol(M,S2n+1) ⊂ Zn+1 ⊂ SO(2) if and only if M is orientable,
Hol(M,S2n+1) ⊂ Dn+1 ⊂ O(2) if M is nonorientable,
where Dn+1 is the dihedral group of order 2(n + 1). In particular, if M is compact or embedded, there
exists a connected minimal Legendrian lift M˜ ⊂ S2n+1 that is compact or embedded respectively.
Proof. Take a point p ∈ M and let RPnp be the unique geodesic tangent plane to M at p. It is well known
that if M˜ ⊂ S2n+1 is a minimal Legendrian lift of M , then the cone 0×M˜ is minimal Lagrangian in Cn+1.
Since M˜ is connected, we may assume 0 × M˜ is special Lagrangian in Cn+1 by using S1 action on Cn+1
if necessary. Consider the special Lagrangian (n+ 1) planes in Cn+1 which is mapped to RPnp under the
projection Cn+1 − {0} → CPn. It is easy to see there are at most 2(n + 1) of them, at most (n + 1) if
we ignore the orientation. Since the inverse image of a point under the Hopf map is S1, this implies for a
given p ∈ M , there are at most 2(n+ 1) inverse images of p in M˜ . 
Example 1. Consider 0 × SU(n) ⊂ M(n,C) = Cn2 , which is a minimal Lagrangian cone. Hence
SU(n)/Zn → CPn2−1 is a minimal Lagrangian embedding. The induced S1 bundle has holonomy
Zn ⊂ Zn2 .
Example 2. Consider 0 × Slag(n) ⊂ Sym(n,C) = Cn(n+1)/2, where
Slag(n) = SU(n)/SO(n) = {AAt ∈ Sym(n,C) | A ∈ SU(n)}.
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CPn(n+1)/2−1. The holonomy of the induced S1 bundle is Zn ⊂ Zn(n+1)/2 if n is odd and Zn/2 ⊂ Zn(n+1)/2
if n is even.
Example 3. Consider the Hexagonal torus
T n = {[z0, z1, . . . , zn] ∈ CPn | |zi | = |zj | for all i, j}.
It has a Legendrian lift in S2n+1 which is again a torus and an (n+ 1) fold cover, i.e., Hol(T n, S2n+1) =
Zn+1.
Let ωn+1 be the isoperimetric constant for (n + 1)-dimensional varieties in R2n+2 so that for any
compact mass minimizing (n+ 1)-dimensional variety V with boundary ∂V we have
‖∂V ‖n+1  ωn+1‖V ‖n
with equality only when V is a round (n+ 1)-dimensional ball.
Corollary 2. Let M be a compact minimal Lagrangian submanifold of CPn. Then
Area(M) 1
2n+ 2
ωn+1
(n+ 1)n .
Proof. Let M˜ ⊂ S2n+1 be a compact minimal Legendrian submanifold. Since the truncated cone
0 ×1 M˜ = {rv | r ∈ [0,1], v ∈ M} ⊂ Cn+1 is special Lagrangian and hence absolutely minimizing in
C
n+1
, isoperimetric inequality provides a uniform area lower bound for such M˜ as follows:
Area(M˜)n+1  ωn+1 Area(0 ×1 M˜)n,
(12)Area(M˜) ωn+1
(n+ 1)n ,
for Area(0 ×1 M˜) = (
∫ 1
0 r
n dr)Area(M˜). The corollary follows from Corollary 1 and Theorem 2 for
Hopf map is a local isometry M˜ → M . 
The following is straightforward from Corollary 1.
Corollary 3. Let M˜n ⊂ S2n+1 be a minimal Legendrian submanifold of even dimension. Then the image
of M˜ under Hopf map in CPn is nonorientable whenever M˜n is invariant under antipodal involution.
4. Associative, coassociative, and Cayley lifts
In this section, we prove G2, and Spin(7) analogues of Theorem 2 based on the construction of Bryant
and Salamon mentioned in the introduction [4]. We first briefly describe super minimal surfaces that will
play the role of minimal Lagrangian submanifolds in the coassociative case [5].
Let Σ ⊂ N be an oriented minimal surface in an oriented Riemannian manifold N of dimension
n+ 1 4. Let {e0, e1} be a local oriented orthonormal tangent frame fields of Σ , and let {e2, e3, . . . , en}
be the local orthonormal normal frame fields along Σ so that e0 ∧ e1 ∧ · · · ∧ en agrees with the given
S.H. Wang / Differential Geometry and its Applications 23 (2005) 351–360 357orientation of N . From the general theory, there exists a set of connection forms ωAB = −ωBA , A,B =
0, . . . , n, so that
∇eA =
n∑
B=0
ωBAeB, A = 0, . . . , n,
(13)ωai =
1∑
j=0
haijω
j , a = 2, . . . , n,
where ∇ is the Levi-Civita connection of the induced metric on the tangent and normal bundle of Σ .
Since Σ is a minimal surface, we have ha00 + ha11 = 0. Set ha = ha00 − iha01, and define
Q =
n∑
a=2
(ha)2(ω0 + iω1)4.
Then it is clear that Q is a complex quartic form independent of choice of local adapted frame fields
{e0, e1, . . . , en}. A minimal surface Σ is called super-minimal when Q vanishes [2].
Suppose in particular the ambient space N is of dimension 4. If Σ is super-minimal, we have (h2)2 +
(h3)2 = 0. Σ is called a super-minimal surface of positive or negative spin depending on whether h2 = ih3
or h2 = −ih3. We remark in passing the notion of positive or negative spin for super-minimal surfaces in
an oriented 4-manifold is independent of the choice of orientation of Σ , but it depends on the orientation
of the 4-manifold.
4.1. Associative and coassociative cases
Let N be a self-dual Einstein 4-manifold, and let π :
∧2
− → N be the bundle of anti-self-dual 2-forms.
Given a surface Σ2 ⊂ N , consider
Ω⊥Σ =
{
ξ ∈
∧2
− | π(ξ) = p ∈ Σ, ξ(TpΣ) = 0
}
,
ΩΣ =
(
Ω⊥Σ
)⊥
.
Then ΩΣ , Ω⊥Σ ⊂
∧2
− are a real line bundle and a rank two vector bundle over Σ respectively.
Bryant and Salamon constructed integrable G2 structures on
∧2
− by similar method described in Sec-
tion 2 [4]. We record the following observation analogous to Theorem 2. We refer [7] and [8] for the
definition of integrable G2 structures, and associative and coassociative submanifolds.
Theorem 3. Let Σ be a minimal surface in a self-dual Einstein 4-manifold N . Then under the integrable
G2 structures on
∧2
− → N constructed by Bryant and Salamon in [4],
1. ΩΣ ⊂∧2− is an associative submanifold.
2. If Σ is a super-minimal surface of negative spin, Ω⊥Σ ⊂
∧2
− is a coassociative submanifold.
Proof. We follow the notations of (13). Let {ωi}3i=0 be an oriented orthonormal frame on an open set
of N , and set
Ω1 = ω0 ∧ω1 −ω2 ∧ω3,
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Ω3 = ω0 ∧ω3 −ω1 ∧ω2.
Then {Ωi}3i=1 is a basis of
∧2
−, and we denote
Ω = a1Ω1 + a2Ω2 + a3Ω3
the tautological 2-form of
∧2
− with coordinate function ai’s. Set
2φ1 = ω10 +ω23,
2φ2 = ω31 +ω20,
(14)2φ3 = −ω21 +ω30,
and define
α1 = da1 + 2φ2a3 − 2φ3a2,
α2 = da2 + 2φ3a1 − 2φ1a3,
α3 = da3 + 2φ1a2 − 2φ2a1,
where {ωij }3i,j=0 is the Levi-Civita connection form with respect to {ωi}3i=0. Then the G2 form γ and its
dual ∗γ γ constructed by Bryant and Salamon are
γ = f α1 ∧ α2 ∧ α3 + g(α1 ∧Ω1 + α2 ∧Ω2 + α3 ∧Ω3),
∗γ γ = Fω0 ∧ω1 ∧ω2 ∧ω3 +G(α2 ∧ α3 ∧Ω1 + α3 ∧ α1 ∧Ω2 + α1 ∧ α2 ∧Ω3)
for certain radial functions f,g,F,G on
∧2
−.
Let Σ ⊂ N be a surface, and take {e0, e1} to be tangent to Σ . Then by definition, a1 = Ω2 = Ω3 = 0
on Ω⊥Σ and a2 = a3 = Ω2 = Ω3 = 0 on ΩΣ .
1. Associative case: It suffices to show v ∗γ γ = 0 on ΩΣ for any tangent vector v of ∧2− to prove
ΩΣ is calibrated by γ [7]. Since ω0 ∧ ω1 ∧ ω2 ∧ ω3 contains two 1-forms that vanishes on ΩΣ , and
α2 ∧α3 ∧Ω1 is a 4-form purely horizontal with respect to the induced bundle ∧2− → Σ , it is left to show
v(α3 ∧ α1 ∧Ω2 + α1 ∧ α2 ∧Ω3) = 0 for any tangent vector v of ∧2−. In fact, it suffices to show
−α3 ∧ (v∧Ω2)+ α2 ∧ (v∧Ω3) = 0.
From the definition, Ω2,Ω3 are horizontal forms with respect to the induced bundle
∧2
− → Σ , and it can
be readily verified this equation is equivalent to the condition Σ is minimal.
2. Coassociative case: It suffices to show γ = 0 on Ω⊥Σ to prove Ω⊥Σ is calibrated by ∗γ γ [7]. Suppose
Σ is super-minimal of negative spin, then φ2 = φ3 = 0 on Σ . Hence α1 = 0, and γ = 0 on Ω⊥Σ . 
4.2. Cayley case
We continue to use the notation adopted at the beginning of this section.
Let {ωl}3l=0 be a local orthonormal coframe of a self-dual Einstein 4-manifold N . Let i, j, k the usual
unit imaginary quaternions, and set
ω = ω0 + iω1 + jω2 + kω3,
φ = iφ1 + jφ2 + kφ3,
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so that dω = −ψ ∧ ω − ω ∧ φ. φi’s are defined in (14) and explicit expressions for the connection form
ψi’s are not needed. Let S → N be one of the two spin bundles of real rank 4 on N . Let (a0, a1, a2, a3)
be a linear coordinate of the vector bundle S, and define
a = a0 + ia1 + ja2 + ka3,
α = α0 + iα1 + jα2 + kα3 = da − aφ
(S is one of the two spin bundles such that α represent the covariant derivative of its sections).
Given a surface Σ ⊂ N , let T˜ Σ, N˜Σ ⊂ S be the natural lift of the tangent bundle TΣ and the normal
bundle NΣ respectively. Bryant and Salamon constructed integrable Spin(7) structures on S by similar
method described in Section 2 [4]. We record the following observation analogous to Theorem 3. We
refer [7] and [8] for the definition of Cayley submanifolds.
Theorem 4. Let S → N be a (negative) spin bundle of a self-dual Einstein 4-manifold N . Let Σ ⊂ N
be a minimal surface. Then under the Spin(7) structures on S → N constructed by Bryant and Salamon
in [4], the tangential lift T˜ Σ , and the normal lift N˜Σ are Cayley submanifolds of S.
Proof. The proof is similar to the associative case. Let
A1 = α0 ∧ α1 − α2 ∧ α3,
A2 = α0 ∧ α2 − α3 ∧ α1,
A3 = α0 ∧ α3 − α1 ∧ α2.
Then the Cayley 4-form Φ constructed by Bryant and Salamon is
Φ = f 2ω0 ∧ω1 ∧ω2 ∧ω3 + fg(A1 ∧Ω1 +A2 ∧Ω2 +A3 ∧Ω3)+ g2α0 ∧ α1 ∧ α2 ∧ α3
for certain radial functions f,g on S.
Let Σ ⊂ N be a surface, and take {e0, e1} to be tangent to Σ . Then by definition, a0 = a1 = Ω2 =
Ω3 = 0 on N˜Σ and a2 = a3 = Ω2 = Ω3 = 0 on T˜ Σ . From the explicit expression (6)–(10) on p. 737 of
[8] for the seven 4-forms that defines Cayley 4-folds, T˜ Σ is Cayley if and only if
ω0 ∧ω1 ∧ (α0 ∧ α3 − α1 ∧ α2) = 0,
ω0 ∧ω1 ∧ (α0 ∧ α2 − α3 ∧ α1) = 0,
α2 ∧ α3 ∧ (ω0 ∧ α1 −ω1 ∧ α0) = 0,
α2 ∧ α3 ∧ (ω0 ∧ α0 +ω1 ∧ α0) = 0,
α0 ∧ α1 ∧ (ω0 ∧ α3 +ω1 ∧ α2) = 0,
α0 ∧ α1 ∧ (ω0 ∧ α2 −ω1 ∧ α3) = 0.
Since a2, a3 = 0, α2, α3 are horizontal with respect to the induced bundle S → Σ and hence the first
four equations are always satisfied. It can be readily verified the last two equations are equivalent to the
condition Σ is minimal. The normal lift N˜Σ case can be verified similarly, and we omit the proof. 
360 S.H. Wang / Differential Geometry and its Applications 23 (2005) 351–360Chern and Wolfson constructed super-minimal surfaces in CP 2 from complex curves already
in CP 2 [6]. Bryant showed every Riemann surfaces can be conformally embedded as a super-minimal
surface in S4 via twistor fibration CP 3 → S4 [2].
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